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Abstract 



C^ . When we start studying Quantum Mechanics the most difficult part to understand 

CT^I is the so-cahed Copenhagen interpretation. Usuahy beginners skip over this part, 

which is a wise choice in a certain sense. However, some researchers feel guilty about 
skipping over this. 

lO , In this paper we try to give a proof to it. Our method is based on embedding it 

.^ I into decoherence theory. The method is of course not complete, but some researchers 

ff^ ■ may feel relieved. 



To the best of our knowledge this is the finest method at the present time. 
Keywords : quantum mechanics; Copenhagen interpretation; decoherence theory. 

1 Introduction 

Let us start with a system of principles of Quantum Mechanics (QM for simplicity). See for 
example [I], |2] and [3]. That is, 
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System of Principles of QM 

1. Superposition Principle 

If I a) and \b) are physical states then superposition a|a) + /3|6) is also a physical state where 
a and /3 are complex numbers. 

2. Schrodinger Equation and Evolution 

Time evolution of a physical state proceeds like 

\^) -^ f/(t)|M/) 

where U{t) is the unitary evolution operator {W{t)U{t) = U{t)W{t) = 1 and f/(0) = 1) 
determined by a Schrodinger Equation. 

3. Copenhagen Interpretatiorl^J 

Let a and b be eigenvalues of an observable Q, and \a) and \b) be eigenstates corresponding 
to a and b. When a state is superposition a\a) + (3\b) and we observe the observable Q the 
state collapses like 

a\a) + f3\b) — > \a) or a\a) + f3\b) — > \b) 

where their collapsing probabilities are |ap and |/3p respectively (|Q;p + |/3p = l). 
This is called the collapse of wave function and probabilistic interpretation. 

4. Many Particle State and Tensor Product 

A multiparticle state becomes superposition of the Knonecker product of one particle states, 
which is called the tensor product. For example, 

a\a) ® \a) + (3\b) \b) = a\a, a) + (3\b, b) 

is a two particle state. 



^There are some researchers who are against this terminology, see for example [3]. However, I don't agree 
with them because the terminology is nowadays very popular in the world 



The target of this paper is to give a proof to the Copenhagen Interpretation, so we give 
a symbohc figure of it for the latter convenience (we take |0) and |1) in place of \a) and \b) 
in the following). 
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Figure : Image of the Copenhagen Interpretation 



2 "Proof of the Copenhagen Interpretation 



In this section we try to give a proof to the Copenhagen Interpretation. We perform this by 
embedding it into decoherence theory. 

We consider an atom flying as in the figure of the preceding section and treat a two level 
system of the atom in the following, see for example [1]. First of all let us prepare some 



notations from Quantum Optics. Since we treat the two level system of the atom the target 
space is C^ = Vectc(|0), |1)) with bases 

io)^(;), u)^(; 

Then Pauli matrices {ai, a2, os} with the identity I2 

oi\ /^o-^\ /^lo^ /^lo 

loy \i J \o -1 J yoi 

act on the space. For 

1 [ ^ '^\ 1 /^ 

^ \ / ^ \ 1 



it is easy to see 



1 \ / 

0-+0-- =1 , o'-0'+ = 



0/ \ 1 

Here we may assume that the initial state is |0) at t = and the intermediate state is 
q;|0) + /3|1) for < t < tg and the last state is the one detected at t = to, see the figure in 
the preceding section once more. 

For the initial time t = we can assume that the Hamiltonian is a diagonal form 

where Eq and Ei are the eigenvalues {Eq < Ei for simplicity) of the atom. It is easy to see 

ifo|0) = ^o|0), iJo|l) = ^i|l). 
For the intermediate time < t < to the Hamiltonian becomes 

[ Eo \ , 

H = U{a,f3) U{a,/3y 

\ E, J 

: (2) 



where U{a, (3) is a (special) unitary matrix given by 

a —f3 



U = U{a,l3)=\ ' I (|ap + |/3p = l). (3) 

/3 a 

In this case, it is easy to see 

«|0)+/3|1)= I " I and H{a\0) + f3\l)) = Eo{a\0) + f3\l)). 

Note that H and Hq are of course hermitian matrices {H = H\ Hq = Hq). 
Note Since 

(a|0) + /3|1))(«|0) + /3|l))t = |ap|0)(0| + «^|0)(1| + a/3|l)(0| + |/3ni)(l| 
the Copenhagen interpretation may be written as collapsing 

(a|0) +/3|l))(a|0) + /3|l))t —, \a\^\Q){^\ + |/3r|l)(l|. 

The method developped in the following is based on the paper ^. In order to embed 
the Copenhagen Interpretation into decoherence theory we consider hypothetical time T and 
take it to be T = t/{t — to) for example. Then 

t = ^ T = ; t = to ^ r = oo. (4) 

However, for simplicity we again set T = t in the following (we believe that there is no 
confusion) . 

To treat decoherence in a correct manner we must change models based on from a pure 
state to a density matrix. The general definition of density matrix p is given by both p^ = p 
and trp = 1, so we can write p = p(t) as 

( a b\ 

p= [ (a = a, d = d, a + d = 1). (5) 

\b d J 
The general form of master equation ([B], [7]) is well-known to be 

—p = —i[H, p] + Dp (<^ ^ = 1 for simplicity) (6) 

(JjL 



where 



Dp = ^i{ a_pa+ - -a+a_p - -pa+a. 



1 



2^-^+P - 2^^""^+ 



and /i, z/ > 0. Note that p and z/ are important constants determined later 
We must solve the equation. If we write iJ in ([2]) as 

h k 
k I 



H 



{h, leR, ke C) 



for simplicity, then the master equation above can be rewritten as 



d_ 
~dt 
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We leave the derivation to readers. 
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(7) 



The general solution of ([H]) is given by 

^ a{t) ^ 
b{t) 

m 

\ dit) J 



MH+D] 



( a(0) ^ 
6(0) 
6(0) 



(9) 



However, it is not easy to calculate the term e**^ '^ > exactly, so we use a simple approxima- 
tion 



^t[H+D) ^ ^t[D+H) _ ^tD^tH^ 



In general, we must use the Zassenhaus formula (see for example [8], |9]). 

Zassenhaus Formula For operators (or square matrices) A and B we have an expansion 

(10) 



AA+B) ^ _ „-'^{2[[A,BlB] + [[A,B]A]}p'^[A,B]ptB tA 



■e 6 



^e 2 ^ ' ^e e . 



The formula is a bit different from that of [8]. 
Therefore, we treat the approximate solution 



^ a(t) ^ 
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First, let us calculate e*^. For the purpose we set 



K 



— yU V 

fi —V 

and calculate e*^. The eigenvalues of K are {0, — (/x + z/)} and corresponding eigenvectors 
not normalized) are 

'A ( 1 

^ — ^ I , -(/i + z/) ^ — > \ 



If we define the matrix 



O 



then it is easy to see 



/i -1 / /^ + '^ V /i -^^ 



K = 0\ \0-^ 



and 



3*^ = 



o 



-1 



+ ue-*(^+'') u 



Therefore, we have 
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(12) 



if t is large enough (t ^ l/(/i + z/)). 

Next, let us calculate e*^. Since we need some properties of tensor product in the 
following see for example j9]. We can write the equation as 

H = -i{H®l2-l2® H^) . 
In fact. 
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It is well-known that 



gii? ^ g-Ji(H®l2-l28)i^^) ^ ^-itH(^l2^itl2<S>HT ^ ('g-*<^ (g) 1 ) f 1^ 
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we have 



H = U \ I f/t 
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Here we have used well-known formulas on tensor product 



{Ai ® Bi){A2 ® B2) = A1A2 ® 51^2, {A ® By = At ® 5t, (A ® 5)^ = A^ ® S^ 



see for example [S]. 
Since 



U = U{a,(3) 



a —f3 
(3 a 



(i«r + i/3| =1) 



from (IHl) we have 



t/®(f/t)^ 



'^ |a|2 -a/3 -a/3 |/3|2 ^ 

a/3 a^ — /3^ — a/^ 

a/3 — /3^ a^ —a/3 

I/3P a/3 a/3 lap 



and, by setting J = e**'-'^^ '^"-' for simplicity, 



where 



JH 
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* * * * 

* * * * 
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T\t 



(f/ ® (f/^)^) 



V 



(13) 



and 
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|/3|')«/9, 
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C41 = (2-J-J-i)|«n/3p, 

C42 = (|/3|2 + |a|2j-|/3|2j-i-|a| 

C43 = (|;3p-|/3|2j+|a|V-i-|a| 

C44 = m' + {J + J-')\a\^m^ + \a\ 






Note that *'s in the matrix are elements not used in the latter. We leave the derivation to 

readers. 

Here, we list very important relations among {o;} (coming from lap + |/3p = 1) 



Cll + C41 = 1, C12 + C42 = 0, Ci3 + C43 = 0, Ci4 + C44 = 1. 



(14) 
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Therefore, from ([U]), ([I2]), ([13]) and (fUD we obtain 

/ 
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for t > l/(/i + z/). 
From ([5]) 



pW 



a(t) 6(t) 
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we have 
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/i + z/ 



The initial density matrix 



p(0) = |0)(0| 



z/(a(0) + rf(0)) 
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gives 
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Here, if we choose 



P 



and V = \a\'^ (|q;|^ + 



1) 



from the starting point then we have the final form 



p(oo) = i«no)(oi + i/3ni)(ii 



(15) 



(16) 



(17) 
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We can interpret this equation as a mathematical expression of the Copenhagen interpreta- 
tion : "when a state is superposition a|0) + /3|1) and we observe the observable Q the state 
collapses like q; I a) +/3 1 6) — )■ | a) (probability | a p) or a\a) + [5\b) — )■ |6) (probability |/3p)." 
This finishes the "proof of the Copenhagen Interpretation. 

Problem Our calculation is based on a simple approximation, so give a full calculation. 

3 Summary 

In this section let us summary our method briefiy for the sake of readers. 

[A] t = : 
Hamiltonian Hq 

i7o|0) = ^o|0), i/o|l)=^i|l). 

Density matrix p(0) = |0)(0|. 

[B] t > : 

Hamiltonian H = U{a, /3)HoU{a, /3)t (|a|2 + |/3|2 = 1) 

H{a\0) + f3\l)) = Eo{a\0) + /3|1)), H{-^\0) + a\l)) = E^{-^\0) + a\l)). 
Density matrix p(t). This is determined by the (special) master equation 
—p = -t[H,p\ + \l3\ \a^pa+--a+a^p--pa+a^j+\a\ \a+pa^ - -a^a+p - -pa^a^ 

[C] t = 00 : 

Density matrix p{oo) = |«p|0)(0| + |/3p|l)(l|. 

4 Concluding Remarks 

In this paper we tried to prove the Copenhagen interpretation of Quantum mechanics. Our 
method was based on embedding it into decoherence theory. Although the method is not 

12 



complete it will become a starting point to give a complete proof to the Copenhagen inter- 
pretation. 

In standard textbooks of QM decoherence theory is usually not contained, so it may be 
difficult to beginners (young students). See for example JO] or [11]. 

As far as we know this is the finest method at the present time. 
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